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SUMMARY

This paper presents a parametric finite-difference scheme concerning the numerical solution of the one-
dimensional Boussinesq-type set of equations, as they were introduced by Peregrine (J. Fluid Mech.
1967; 27(4)) in the case of waves relatively long with small amplitudes in water of varying depth. The
proposed method, which can be considered as a generalization of the Crank-Nickolson method, aims to
investigate alternative approaches in order to improve the accuracy of analogous methods known from
bibliography. The resulting linear finite-difference scheme, which is analysed for stability using the Fourier
method, has been applied successfully to a problem used by Beji and Battjes (Coastal Eng. 1994; 23:
1-16), giving numerical results which are in good agreement with the corresponding results given by
MIKE 21 BW (User Guide. In: MIKE 21, Wave Modelling, User Guide. 2002; 271-392) developed by
DHI Software. Copyright © 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

During the last three decades a lot of effort has been put by the scientific community on numerical
modelling of short waves in shallow water. Most of the phase-resolving models dealing with this
research aspect and used in practical applications are based either on the mild-slope equation,
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130 A. G. BRATSOS, 1. TH. FAMELIS AND A. M. PROSPATHOPOULOS

originally derived by Berkhoff [1], which describes the motion of time harmonic water waves
of infinitesimal height (linear waves) on a gently sloping bathymetry with arbitrary water depth,
or based on the Boussinesq-type equations governing the propagation of arbitrary long-wave
disturbances of small to moderate amplitude over a slowly-varying bathymetry, the first such set
of which was derived by Peregrine [2]. In case the research is interested in the energy transfer
among the different components of shallow waves as those propagate from offshore inshore into
shallow water, then Boussinesq-type equations—which are weakly non-linear and dispersive—have
been found to model the non-linear effects of the wave-transformation process with satisfactory
accuracy. These equations are depth integrated, simplifying the full three-dimensional problem to
a two-dimensional one, and can be formulated either in the time-domain (most usual) or in the
frequency domain.

Most of the works dealing with numerical modelling in the time-domain employ finite difference
methods (FDM). Characteristic pioneer works on FDM concerning short-wave modelling in shallow
water were those of Abbott et al. [3] according to which the differential equations were discretized
by using a time-centred implicit scheme with variables defined on a space-staggered rectangular
grid, as well as the one of Abbott et al. [4], including developments of the aforementioned scheme.
Based on the same numerical method, Madsen et al. [S] presented a new form of equations in terms
of the depth-integrated velocities for two horizontal dimensions with improved linear shallow and
dispersion characteristics and Madsen and Sgrensen [6] rederived the new Boussinesq equations
for slowly varying bathymetry. Beji and Battjes [7] used similar equations and scheme to model
relatively long, unidirectional waves propagating over a submerged obstacle. Wei and Kirby [8]
developed a high-order numerical FDM scheme to solve a set of highly non-linear Boussinesq-
type equations, while Beji and Nadaoka [9] used three-time-level finite-difference approximations
to model the corrected (energy conserving) equations of Madsen and Sgrensen [6]. For general,
extended reviews on the Boussinesq-type modelling the reader can find resource in the works of
Madsen and Schiffer [10] and Kirby [11].

In this paper a parametric numerical scheme based on a generalization of the Crank-Nickolson
method is used to simulate weakly-non-linear wave propagation over variable bathymetry regions
in shallow water conditions. The organization of the paper is as follows: in Section 2, the physical
problem is set and its governing equations are stated. Next in Section 3, the numerical scheme
and its stability analysis are presented. Finally in Section 4, the numerical results arising from the
experiments using the proposed method are analysed and discussed.

2. GOVERNING EQUATIONS

Following Peregrine [2] the equations of motion describing relatively long, small amplitude waves
propagating in water of varying depth in 2 + 1 dimensions are given by

4V 10+ Ou=0 (1)
\% VC—lhaV[V hua)] 1h2avv 1b
u;+@-Vju+g =305 '(u)—g o (V-u) (1b)

in the region Q= {(x, y); Lg <x<L)1(, L8<y<L;} for >0 where { ={(x, y, t) is the free surface
displacement as it is measured from still water level and u=u(x, y, t) = [uy, uz]T T denoting
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A PARAMETRIC FDM FOR SHALLOW SEA WAVES 131

transpose, is the depth-averaged horizontal velocity vector both sufficient differentiable functions,
V =[d/0x,0/0y]T, h=h(x, y) is the still water depth and g the gravitational acceleration.

Systems (la) and (1b) for the one-dimensional propagation, when o*h /0x2=0 (see
Reference [7]), h =h(x) and it is set for simplicity #| = u, reads to

o, oL+ ul _

0 2
ot ox (22)

>u oh &
0x20t Ox Ox ot

Ou Ou o 1,
- s =y
6t+u6x+gax 3

(2b)

where it is assumed that x € Q with Q=[Lg<x<L] and r>0. Madsen et al. [5] have given a
formulation for horizontal bottom by adding in Equation (2b) a third-order derivative term with
an adjustable proportional factor, which is known as the calibration factor b, as follows:

o T T8 T3 aar T ax axar

+87—

ou  ou ol 1, du  oh du S du Pt
=—h h + bh
0x20t ox3

Then systems (2a) and (2b) is written as

o, A+ ul

-0 3
or ox (32)

ou  ou o -, du  ohdu ¢

AL Sy 44 < ph2Ls 3b

o T8 2ot axawar T8 o (3b)

in which b = b + % Appropriate values for b could be found in References [6, 7], etc.
The initial conditions associated with systems (3a) and (3b) have been assumed to be of the
form

u(x,0)=_{(x,0)=0 )

3. THE NUMERICAL SCHEME

3.1. Grid and solution vectors

To obtain a numerical solution the region R =Q x [t>0] with its boundary 0R consisting of
the lines x =Lo, L; and ¢t =0 is covered with a rectangular mesh, G, of points with coordi-
nates (x,t) = (xm, t,) = (Lo + mAx,nAt) with m=0,1,...,N+1and n =0, 1, ..., in which
Ax = (L1 — Lo)/(N + 1) represents the discretization into N + 1 subintervals of the space variable
x, while At represents the discretization of the time variable ¢. The solution for the unknown
functions { and u of an approximating finite-difference scheme at the same point will be denoted
by (), and u]},, respectively, while for the purpose of analysing stability, the numerical value
of actually obtained (subject, for instance, to computer round-off errors) will be denoted by an
and u),.
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132 A. G. BRATSOS, 1. TH. FAMELIS AND A. M. PROSPATHOPOULOS

Let the solution vectors be
Cn=C(tn)=[C’11» g"”’ 7\]7 ’[l\l+1]T (Sa)
w =) =[uf oyl 1T (5b)

For the finite-difference scheme the following formulae are going to be used:

ou  u(x,t+At) —u(x, 1) 1

T s g ®
Oou  u(x+Ax,t) —ulx —Ax, 1) 1
Oox ~ 2Ax ~ 2Ax U1 ~ 1) (72)

while, when m=1orm=N + 1:

ou _u(x+Ax,t) —u(x,t) 1

pri A Ax W =10 7
or
ou u(x,t) —ulx—Ax,t) 1
e 79
Also
2
Ou ulx+Ax,t) —2u(x,t) +ulx —Ax, 1) 1
2~ Av? =getmn " Ha i) ®
*u
vor R TACAL [u(x +Ax,t +At) —u(x — Ax,t + At) —u(x + Ax,t) +u(x — Ax, 1)]
1 1 1
= 2AxAt(u’r;:rl — T g U p) ©)
S u o —u(x —2Ax, 1) + 2u(x — Ax, 1) — 2u(x + Ax, t) + u(x + 2Ax, 1)
Ox3 2Ax3
1
= m(_“ﬁhz + 20ty = 21y U ) (10)
o u
20 R m[u(x +Ax,t +At) —2u(x,t +At) +u(x — Ax, t + Ar)
—u(x +Ax, 1) +2u(x,t) —u(x — Ax, 1)]
1
= AxZAr (ufn—:-ll —2up ”Ztll — Uy 20t = Uy ) (1n)
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A PARAMETRIC FDM FOR SHALLOW SEA WAVES 133

3.2. The proposed method

Using an analogous scheme as in Reference [12] the systems (3a) and (3b) is considered to be
satisfied at the point (mAx, (n + 3)Ar); ¢ € [0, 1] of the grid G. Due to this assumption all space
partial derivatives are substituted by their finite-difference approximations at the nth and (r + 1)th
time-level. This method for du/dx using Equation (7a) gives

ou ntv ou\"T! ou\"
— =9 = 1—-9 [ —
(6x)m (Gx)m +( )<6x)m
1

= E[ﬂ(uzxrll — uz’ill) + A =)y —up_ ] (12)

while for °u /0x3 using Equation (10)

n+9 3 n+1 3 n
Ou 0u 0u 1 ] ntl
(r) - <a_> e (a—) = sa P + 20
m

m m

=2t by + (U= )+ 20y =200 )] (13)

Equations (12) and (13), when ¥ = % lead to the Crank-Nickolson scheme used by Beji and
Battjes [7].

3.2.1. The boundary conditions. The surface elevation is specified at the boundary point x = L
(input) as

{(Lo,t)=f(t), t>0 (14a)

where f(¢) is an appropriate function producing harmonic waves of period T and height H,
while at the same point the depth-averaged velocity using the continuity equation for a progressive
wave as
col(Lo, t
(Lo, 1y = _S08E0D g (14b)
ho + {(Lo, 1)

where ¢g and hg are the phase celerity and the water depth at x = L, respectively. The phase
celerity is computed from the linear dispersion relation corresponding to Equations (3a) and (3b)
from the (dominant) incident wave period. Equations (14a) and (14b) using the notation of the
grid G are written as

(= f(nAr) (15a)
and
colh
n
ul = (15b)
O ho+ (8
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At the outgoing boundary (output) x = L1 the values {(L, t) and u(L1, t) are evaluated from the
radiation condition for both the surface displacement using the continuity equation and for the
velocity from the momentum one defined by

0l(L1, 1) La 0l(x,1)

=0, >0 16
o N+ =0 . > (16a)
u(Ly,t) . Ou(x,t
QL) o D)y s (16b)
at x:L1

where ¢y and hyy1 are the phase celerity and the water depth at x = L. Equations (16a) and
(16b) using the proposed method (12) for both the time and the space partial derivatives give

5( n+1 aC n+1 B 5 az n+1 6( n
v (E)NH =0 (5>N i (a)w =0 (a)w

ou n+1 ou n+1 5 ou n+1 ou n
(3] e oo 00 )
0t ) N+ L 0x ) N1 0x ) N+1
or using Equation (6) for the time and Equation (7c) for the space partial derivatives and the
notation of the grid G:

I = G + A =D =G
=—rénal0 O = D + A =D Gy — 0] (17a)
I — ) + (= DR —uf)
_ ~ n+1 n+1 n n
=—renpi[0y —uy) + (1 =Dy, —uy)] (17b)
in which r = At /Ax, otherwise
I+ réneDOEL + 11 =9 + rén )]0
=10 — rénp1(1 =Dy g + A =D +réne) (18a)
(1 + rén)ulyt + 110 =90 + rénen)luyy
=[0 — rénp1(1 = Dy + (1= (1 +rénpDuly (18b)

with ¥ € (0, 1]. Especially, when 9 =0, the following approximations arising by Equations (16a)
and (16b) are going to be used:

1 ~
Ol =0y — ren (g — ) (192)
1 ~
”rzlvtrl =uy ) —rens1 (g —uly) (19b)
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A PARAMETRIC FDM FOR SHALLOW SEA WAVES 135

Finally, after using linear interpolation the following approximations for the first out of the
boundary points of the grid G were used:

{(Lo — Ax,t)~2{(Lo,t) — {(Lo + Ax,t), >0
(L1 4+ Ax,t)~2{(Ly,t) — {(Ly — Ax, 1), t>0
otherwise, using the notation of the grid G,
&"y=20p -0 (20a)
v2 = 2 — Oy (20b)

3.2.2. The finite-difference scheme. Let p =1/Ax? and ¢ = bgAt/4Ax>. Then Equation (3a) using
Equations (6)—(7c) leads to the following two-time level explicit finite-difference scheme for the
evaluation of the unknown vector Z,‘"“:

r
CZ—H = ’r;l - E[(hm-‘rl + Cz.t,_])u:lyﬂrl — (hm—1+ Cz—l)ufnfl] (21a)

form=1,2,..., N,

1
n+1 ~ n+1
- = g1 -90
CN—H —29(1 rén 1){ [ ( rCN—H)]CN

+[0 —renp1 (1 =Dy + A = D(A +réy4)ly} when e (0,11 (21b)

using Equation (18a) or using Equation (19a)

O =0 = réna @y — Gy) - when 9 =0 210)

Equation (3b), subject to the boundary conditions specified in Section 3.2.1, forms the following
two-time level implicit finite-difference scheme for the unknown vector u"*+!:

r ~ 1 ~
[EW;W — bh?p — P ha = ho)] W' (14 2bh3 pyuT!

roo I ;
=— I:_Eﬁul—w — bh%P + thl(hZ - hO)] "’04—1

r . ~ 1
+ [—5(1 —Nu" —bh?p — thl(hg — ho)] ul

~ ~ 1
+ (14 2612 pydl + [g(l — ™ —bhip + o phi(ha - ho)] g
+2ghi@GT + G = 20D + (= 0@+ - 20)
— (4gm} + S¢) W =G + (1 =) — ) (222)
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form=1,
r ~ 1
[Eﬁuﬁﬂ - bh?np - thm(hm+1 - hm—l)i| uz;:ll
1
+ (14 2bh7, pyuit! + [ 219 ult —bh2 p + Z Pl (g1 = mn} uth
r n+1 712 1 n
= | =5 (= Dupt = bhy p — 2l = hn1) | 15,4
r
+ (1 + 2bhy, p)ul, + [5“ — Dupt’ — bhj,p + ph (st — Fom— o} i
+2ghn O, — O + (1 =)y — 0]
r
— (4qh;, + 5g>w<£z;‘1 O+ =Dy — ] (22b)
form=2,3,...,N —1,
219 n+’l9_5h2 _l h (h —h ) n+1
S VN NP = g PAN (N N-1) [ uNT
r 1
+ (1 +2bh%, pyult + [—5 't — bh3, p + PN Gy = Dy 1)] utt

, 3 1
_ [_5(1 —u"+ — bh% p — 2vp (v = hN—l)} Uy

+ (1 + 2bh% pyu'y + [ (1—19)u',1v+79—bh p+ PhN(hN+l—hN 1)]MN 1

+2ghy QU — O = O + (=)@l — Oy — (vl

— (4gh, + SO, = V) + (1= Dy = Chy)] (220)

form=N,

(1 + rénp)uptl + 1= 90 + réy D luy
=0 —réns1(1 =Dy + A =D + rénp)uly  when e (0, 1] (22d)

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2007; 53:129-147
DOI: 10.1002/fid



A PARAMETRIC FDM FOR SHALLOW SEA WAVES 137

using Equation (18b) or from Equation (19b)

wit = uy — rénp (W, —uly)  when 9=0 (22e)
The term u’””9 =1,2,..., N, in Equations (22a)—(22c) is determined using Taylor’s series

expansion about (x,t) as follows:

u(x, t +9A1) =u(x,t) + At + O(Af?) as At — 0 (23)

Ju(x,t)
ot

In Equation (23) the term du /0t can be evaluated explicitly by employing the momentum equation
for the shallow water approximation as follows:

ou ou o¢
Zhu— +g=~0 24
at—i- e +gax (24)

Then using the notation of the grid G and Equations (7a)—(7c), (23) and (24) give
i =, = SO gy = 1) + 8 G = )] (25)

form=1,2,...,N
Finally Equations (22a)—(22e) are written in a matrix—vector form as

A’un-‘r] =F(un, Cn-i—l’ Cn) + bd (26)

in which A is a tridiagonal matrix of order N + 1 given by

dy el
c dy e

A= 27)

cy dy enN
L CN+1 dN+1 |
with entries defined in Equations (22a)—(22e) and
P T
by = [— {—zﬁu';*” bh2p + phl(hz —ho)} ntl g 0] (28)

the vector with the boundary conditions of order N + 1.

Then the values Cﬁfl; m = 1,2,..., N, evaluated by Equations (21a)—(21c), are corrected
using the values of w"*! obtained from the solution of the system Equation (26) with an analogous
scheme to that used in Equation (12)

ot=gn ——{ﬁ[(hm+1+z" EDult — oy + O Dul
+ (L= D mrr + Gy Dty = By + Cy Dty 1) (29)
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138 A. G. BRATSOS, 1. TH. FAMELIS AND A. M. PROSPATHOPOULOS

form=1,2,..., N. The above procedure can be described as follows:

(i) P: predict the value ¢t from Equations (21a)—(21c¢),
(ii) E: evaluate the value u"*! from Equation (27),
(iii) C: correct C"+1 using Equation (29),

repeat the above steps (ii)—(iii) to achieve the desired accuracy.

3.3. Stability analysis

The von Neumann method of analysing stability will be used. This method entails considering
a small error of the form

Pl At imfi;A
zn = — [ =eeimbiAx (30a)
28 =ul, — i, ="M with i =v/=1; e €, By, f, €N (30b)
and then finding the criteria under which the von Neumann necessary criterion for stability
le*A<1 G1)
where e is the amplification factor, is satisfied.
Let
ho be a constant typical value of h,,; m=0,1,..., N +1 (32a)
lo= max  (hy+ 1) (32b)
m=0,1,....N+1
uy= max  u, (32¢)
m=0,1,...,N+1
and
o= max u"t’ (32d)
m=0,1,....N+1

Equation (21a) using the linearization (32c) is written as
r
gt Euo(hmﬂ + i1 =l — G =0
which using (30a) and (32a) gives rise to the following scheme for examining stability:

p
znt_zn 4 Euo(z,’;m -Z" )=0 (33)

Equation (33) using expression (30a) after canceling both sides with e"*A! e"BAY Jeads to the
following stability equation

e +irugsin(f;Ax) — 1=0 (34)

Then condition (31) for Equation (34) using known properties of the modulus gives the following
condition:

At
M| <1 + uop— (35)
Ax
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A PARAMETRIC FDM FOR SHALLOW SEA WAVES 139

which is always satisfied, when
uop=0 (36)

If up = max u%; m=1,2,..., N + 1 condition (36) is in accordance with the initial condition
(4). Also condition (36) satisfies the CFL condition [13] for first-order hyperbolic equations (see
Reference [14]) according to which

A 37)
“0 Ax

Equation (21a) using linearization (32b) is written as
r ~
G = G == S0 — ) (38)

Then Equation (22b) using linearizations (32a)—(32d) reads to

Siiou iy — ) — Bhgpaeth — 2wt 4w !
= = 50 = D)oy =) = B3Py = 205+ )+
+2g g[S = Gya) = 9 = G) + (G yn = G0
— (4 h + SO, = Cha) = I, = G + Gy — )

otherwise using Equation (38) as

r - ~
SO0ty — Ty = Bhgp Gt — 2un ™ a4+
r 5 ~
=— 5(1 — Doy, — up_y) — bh(z)p(uzJrl —2uly, +ul, ) +ou,
+qrh(2)4:019(—“21+3 F Uy F Uy — Uy _3)
"io0 (4gn2 + L), — 2wt
+ ECO 9o+ 58 (U yp = 2y + 14y, _5)

+2gh3(L, — ) — (4qh + %g)(éﬁm — ) (39)

To approximate the last two terms on the right-hand side of Equation (39) the approximation (24)
by omitting the term u(du/0x) was used. Then

2 Ax
n n _ n+1 n
m+1 "~ Sm—1— EE(Mm _um) (40a)
Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2007; 53:129-147
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and
= O == =Gt =) (40b)

Equation (39) using Equations (40a), (40b) and (30b) finally gives

N Sn+1 P12 gntl 7n+1 i+l
Va0 Zy = Zut) — bhgp(Zy - 225 + 23

m+1 m+1
r oA ~ ~ A A A
== 3= Dio(Z} ey = 25 ) = bhop(Z5 4y =225, + 25, )

+arhglod(~Zn s+ Zo + 2y~ 23, 3)
r~ r A A A
+ Slo0 (4ahd + 58) (Lo =225+ 23, ) (4D

which after canceling both sides by e At gimpB,Ax Jeads to the following stability equation:

i A
[irﬁﬁo sin(B, Ax) + 4bhp sin® (ﬂTx)] ¢
_ A
= —ir(1 — 9)iig sin(f,Ax) + 4bh}p sin’ (/&TX)

+2grh3ly0[cos(B,Ax) — cos(3B,Ax)] — 2rfo¥ (4qh3 n % g) sin(B,Ax)  (42)

where, again, ¢ = e the amplification factor. Equation (42) is of the form A&j = B with A, Be®% ,
where € is the set of the complex numbers and A #0. Then ¢ = B/A, so condition (31) will be
satisfied, when

B
—| <1 (43)

Ineq. (43), after applying known properties of the complex numbers, leads to
8g1950 sin’ (%) |:1 + 4bph% sin’ <B”%>:| {grzﬁgo [0052 (%)
+bph} sinz(ﬂqu)] - zéphg} <9 — it} (44)
Let k= bph%, p=>h ph%. If ¥>0.5, then Ineq. (44) gives the following restriction for r:

2 12 @ - D2 12
— L <ol 0] | 2 (45)
20%0(1 + 1) 8¢0Zo(1 + 410)
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A PARAMETRIC FDM FOR SHALLOW SEA WAVES 141

If 9=0.5, then

1/2
8Lo(1 + )

and finally, when 9<0.5,

[g¥Co(1 + )] %+2ﬂ 1/2<r< A " (47)
° 850%0(1 + 41) R P TAT

The most restrictive of Ineqs. (45)—(47) and Ineq. (37) are going to be used for the experiments.

4. NUMERICAL EXPERIMENTS

The method developed in Section 3.2 was tested on the problem introduced by Beji and
Battjes [7] using Lo=0m, L1 =24m, T =2s, H=0.02m, hy = 0.4 m and the bathymetry shown
in Figure 1.

First, the method was applied for ¥ =0.5 with Ax = % m, At = ﬁ s and the surface elevation
obtained for the interval [Lo, L1]. Results were obtained for all stations. In each time step one
prediction-correction was performed.

To investigate the effect of the parameter ©J at the numerical solution of systems (3a), (3b)
the interval [0, 1] was discretized into 20 subintervals each of width A9 =0.05 and the method
was applied for 7 € [0, 30] for each value ¢. From the surface elevations only those which were
in agreement with the expected solution from the experimental data [7] were obtained. From the
runs it was found that this restriction was satisfied, when ¥ € [0.4, 0.6]. Then, in order to establish
more precisely the behaviour of the method for the various values of 1, the interval [0.4, 0.6]
was discretized to subintervals, each of width AY=0.01 and the method was applied again for
t €10, 30] for each value ¥J. After examining the resulting surface elevation in each of the stations
1-7, when 9 € [0.4, 0.6], no spurious oscillations were observed (see also Figures 2 and 3).

In order to evaluate the results, the solution for the various values of ¥ was compared to the
solution obtained by MIKE 21 BW [15], developed by DHI Software. The set-up of the DHI model

Station 1 2 45 6 7
4.5m 2m 1m1m1,2mi1.8m
]
0.4m
1720 110
0.3m
Gm + Gm — 2Mm+——3m 4 m

Figure 1. The bathymetry used for the experiments. The stations (st) 1-7 are the
same to those used by Beji and Battjes [7].
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Figure 2. The curve shows the surface elevation when: (a) 9 =0.40; and (b) ¥ =0.5.

final plot t=0..24 th=0.525 final plot t=0..24 th=0.6
0.1 0.1
ok~~~ N NN A ok~ NN A
~01 -0
—0.2 -0.2
—0.3 -0.3
~04 -04
@ % 5 10 15 20 ® % 5 10 15 20

Figure 3. The curve shows the surface elevation when: (a) ¥ =0.525; (b) and 9 =0.6.

is described as follows: a time step equal to 7'/200 = 0.01 s and a spatial step equal to 1/20=0.05m
were used corresponding with a maximum Courant number equal to 0.4. The duration of the
simulation was 5000 time steps or 50s, where the first 500 time steps were considered as the
warm-up period of the model (the period where the forcing functions—boundary conditions—are
gradually built up to their prescribed value). The flux densities and the surface slopes, which were
obtained by a wave generator of first-order Stokes waves with the characteristics of the Beji—Battjes
set-up, were given to the model as source conditions, while a sponge layer of 100 points (5 m)
was used 1.5 m before the source to absorb the wave energy propagation out of the model domain
and 3 m after the end of the obstacle to absorb incoming waves in the computational area.

MIKE 21 BW converges to a periodic solution after 20 s for the specific configuration at stations
5, 6 and 7. In Figures 4-7 we present the resulting surface elevation of our numerical method (thin
line) compared to the solution we get from MIKE (thick line) at each of the stations 27 for the
values of 9 =0.4, 0.45, 0.5, 0.525 and ¥ = 0.6. For 9 = 0.5 the method coincides with the method
presented by Beji and Battjes [7].

The MIKE 21 BW solution is considered as a reference solution, so we calculated the maximum
absolute difference between our solution and the solution given by MIKE 21 BW for the various
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Figure 4. The curves show the surface elevation at ¢ € [25, 30] for stations 2—7 when 9 = 0.40.

comparison,st2 th=0.5
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Figure 5. The curves show the surface elevation at ¢ € [25, 30] for stations 2—7 when ¥ =0.5.

values of ¥ in each of the stations 2—7 for the time period ¢ € [25, 30]. As the two implementations
have different stepsize the ‘error’ was measured at the common points of the discetization. The
values observed for ¥ =0.4, 0.45, 0.5, 0.525 and 9 = 0.6 are presented in Table I and Figure 8.
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Figure 6. The curves show the surface elevation at r € [25, 30] for stations 2—7 when ¢ = 0.525.
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Figure 7. The curves show the surface elevation at ¢ € [25, 30] for stations 2—7 when ¥ =0.6.
The sofar results led us to focus our choice for the best value of ¥ on the interval [0.475, 0.525].

So, another qualitative criterion for the evaluation of our method was added. For the various values
of ¥ the invariant of motion corresponding to the conservation of mass

400
n= [
—00

Copyright © 2006 John Wiley & Sons, Ltd.

{(x,t)dx (48)
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Table I. The absolute value of error compared to the MIKE solution in stations
2-7 for various 9.

0 ¥9=04 9=045 9=05 9=0525 9=055 I=0.6

Station 2 0.0020 0.0014 0.0013 0.0014 0.0015 0.0031
Station 3 0.0076 0.0048 0.0027 0.0023 0.0023 0.0050
Station 4 0.0071 0.0044 0.0037 0.0038 0.0043 0.0109
Station 5 0.0347 0.0317 0.0290 0.0279 0.0271 0.0291
Station 6 0.0075 0.0062 0.0049 0.0049 0.0059 0.0145
Station 7 0.0089 0.0076 0.0075 0.0076 0.0074 0.0180

Error in stations for various theta.
0.035 T T

—+—1th=0.4
0.03F | —+—th=0.45

—6—1th=0.5
—v— th=0.525
00251 | — . —th=0.55 I
th=0.6
0.02
o
i
0.015
0.01
0.005
0 1
2 3 4 5 6 7
Stations

Figure 8. The absolute error for various values of ¥ in stations 2-7.

was estimated (see analogous invariant in Reference [16, p. 173]). This quantity is expected to be
zero. The improper integral was estimated in an interval of x for which the solution is expected
to conserve the mass. As the numerical solutions for different values of ¢} are not identical we
have chosen slightly different upper and lower bounds for the various values of 4. Then using the
composite trapezoidal rule integral (48) gives the results shown in Table II for the various values
of ¥ in three time instants in the interval ¢ € [25, 30]. The overall numerical tests led to the choice
of 0.525 as the most proper value for the parameter 9.

5. CONCLUSIONS

A parametric finite-difference scheme based on the idea of searching the best position between
the known time level ¢t =n{ and the unknown one ¢ = (n 4 1)¢ was presented in this paper for
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Table II. The absolute value of invariant for various o
in three time instants.

U t=25 t=27 t=30
0.4 0.044 0.0398 0.4190
0.425 0.0562 0.0026 0.285
0.450 0.0604 0.0306 0.1741
0.475 0.0579 0.0055 0.0850
0.50 0.0354 0.0085 0.0115
0.525 0.0140 0.00082 0.0276
0.550 0.0413 0.0451 0.0607
0.575 0.1650 0.2843 0.7132
0.60 0.1025 0.4228 0.68

the numerical solution of the one-dimensional Boussinesq-type set of equations. This position
was determined with a properly introduced parameter ¢ with 9 € [0, 1]. The method, which could
be considered as a generalization of the known from the bibliography Crank-Nickolson method
(¥ =0.5), was applied successfully to the one-dimensional Boussinesq-type set of equations as
those were introduced by Peregrine [2] and the experiments proved that this investigation is not
non-realistic, but a fact, which gives applicable results. The numerical results compared to the
corresponding ones given by the MIKE 21 BW [15] developed by DHI Software, are encouraging
and specific points for improvement and optimization of the method come out from the comparisons.
Consideration of different bathymetries, initial and boundary conditions could further reveal the
usefulness of the proposed method.

The authors have already applied this method using different bathymetries, a work which is
under preparation and it is going to be submitted for publishing soon.
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